Abstract-In this paper, the problems of asymptotic stabilization for interval type-2 fuzzy systems with actuator saturation are investigated. The sufficient conditions for the existence of the interval type-2 fuzzy controller are in terms of sum-of squares (SOS). The problem is formulated and solved with more flexibility due to imperfect premise matching that the number of rules and premise membership functions of the fuzzy controller are not necessarily the same as the ones of the fuzzy model. The actuator saturation is depicted and dealt with contractively invariant ellipsoid. Piecewise linear membership functions enclosing the original lower and upper membership functions are employed to facilitate the stability analysis. A numerical example indicates the effectiveness of the derived results.
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I. INTRODUCTION
T YPE-2 fuzzy systems have been widely studied in both theory and practice during the last decade. [1] - [8] are just a very small part of the fruitful results on the study of type-2 fuzzy systems. In 1975, Zadeh [9] introduced the type-2 fuzzy systems for the first time. One of the many motivations for studying such a class of systems is that type-2 fuzzy sets are better in representing and capturing uncertainties [10] , [11] . Because type-l fuzzy sets do not contain uncertain information, they can not deal with the nonlinear plant which suffers the parameter uncertainties. Type-2 and type-l fuzzy systems are both characterized by IF-THEN rules and represented as weighted sum of local linear systems. In a more general sense, type-2 fuzzy systems could be regarded as a bunch of type-l fuzzy systems.
However, the original type-2 fuzzy set was not designed for fuzzy-model-based control framework. This stimulates the study on interval type-2 fuzzy model which describes the nonlinear plant subject to parameter uncertainty captured by upper and lower membership functions. Interval type-2 fuzzy systems were first proposed in [12] and then extended in [13] for a wider class of nonlinear systems. Since then, they have found lots of successful applications such as energy markets, face recognition, image processing, supervisory adaptive tracking control, linguistic summarization and so on [14] - [18] . Preliminary stability results on interval type-2 fuzzymodel-based systems could be found in [13] under parallel distributed compensation (PDq scheme. [19] further reduces implementation complexity and increases design flexibility by considering the imperfect premise matching. On the other hand, it is well known that most practical dynamic systems involve actuator saturation as physical capacity of the actuator is always limited. Without taking the limitations into consideration, techniques developed may result in severe performance degradation or even instability of the closed-loop control system. In recent years, fuzzy system with actuator saturation has been probed widely. Just to name a few, in [20] , the authors proposed robust stability analysis and fuzzy-scheduling control for nonlinear system by maximizing the domain of attraction of a T-S fuzzy system. In [21] , the authors investigated Hoc control problem subject to actuator saturation for nonlinear systems by the fuzzy scheme. In [22] , the authors dealt with performance constrained control problem for nonlinear stochastic systems subject to Hoc performance constraint and actuator saturation.
In this paper we investigate interval type-2 fuzzy-modelbased control design for systems with actuator saturation under imperfect premise matching. Unlike existing work under type-l fuzzy logic frame, this paper formulates nonlinear systems with parameter uncertainties and actuator saturation under interval type-2 fuzzy logic frame. The uncertainties are presented by the upper and lower membership functions and the actuator saturation is dealt with invariant set theory.
The rest of this paper is organized as follows: Section II is devoted to the mathematical description of the concerned system and some preliminaries. Synthesis of saturated statefeedback type-2 fuzzy controller are presented in Section III. A numerical simulation in Section IV is to illustrate the feasibility and effectiveness of the proposed results. Finally, Section V concludes the paper.
II. PROBLEM FORMULATION AND PRELIMINARIES
Consider a nonlinear system with actuator saturation and parameter uncertainties represented by the following interval type-2 fuzzy model with lower and upper bound membership functions.
Plant Rule i:
where Mia is an interval type-2 fuzzy set of rule i, a = 
[Ul(t),'" ,um(t)jT = [sat(ul(t)),"', sat(um(t))]T = sat(u(t))
E~m is the saturated control input. Ai, B i , are known matrices as system matrices and input matrices respectively. The firing strength of rule i is the interval sets as follows:
gains to be determined. The firing strength of rule j is the interval sets as follows:
where
,,=1 
,(x(t))) and liM,,,, (B,,(x(t))) denote the lower and upper membership functions respectively satisfying the property liM'a (B,,(x(t)))~~M'a (B,,(x(t)))~0 and
functions with the property that Qi(X(t)) + Qi(X(t)) = 1.
Definition 1:
The actuator saturation could be defined as follows:
Controller Rule j:
With all the settings and definition above, one can get
functions with the property that /ij(x(t)) + !3 j (x(t)) = 1.
With the plant and controller expressions and the prop-
i=l j=l (19) where hij(
In addition hij(x(t)) could be reconstructed as 
We introduce a parameter E, which is 0 < E < 1, to make sure the saturation map sat(·) is inside the sector (E, 1). Then we have
For simplicity, if we set UlH = -U1L, then we have
where N j (3 is an interval type-2 fuzzy set of rule j, (3 = 1,2, ... ,0 and j = 1,2, ... , c. K j are unknown feedback
in=l r=l (20) where P E JRnxn denotes a positive definite matrix. An ellipsoid AI, which is inside the domain of attraction, is said to be contractively invariant [20] if (27) where (5iji 1 i 2 ---i n k and iji1i2---ink satisfying (20) and (21) 
V(x(t)) = xT(t)Px(t)
are SOS Proof' Consider a candidate of Lyapunov-Krasovskii functional as the one described in Definition 2 (22) (23)
and The saturation constraint on the input Ul could be expressed as follows (25) It is required that x(t) E Al C A 2 . The equivalent condition 
= {x(t)lxT(t)(Kylf(Kyl)x(t)::; (U~H)2}
For simplification reason, we denote Wi(X(t)), mj(x(t)), hij(x(t)), hij(x(t)) and l1 ij (x(t))
V(x(t)) = t t WimjXT(t) [(
By using Schur Complement and setting X-I = P, we can rewrite the stability condition as
In order to include the information of the membership functions, we introduce slack matrices Yij into the analysis with the property Yij > 0, Yij > Oij. Then we have (20) and (21) and the constraint on the input, we can convert the above conditions into the SOS-based ones stated in the theorem. The proof is complete. Remark 2: Theorem 1 introduces membership functions h ij which are reconstructed by the upper bound h ij and lower bound llij' Moreover hij and llij could be expressed by predefined scalars 8iji,i2 ...ink and~iji1i2"'ink in the form of (20) and (21) . This will allow us to just check conditions at certain points rather than every point of the membership functions. Remark 3: As Theorem I involves the information of the membership functions in control design, it is a membership function dependent method which is less conservative than the membership function independent method. While Theorem 1 could be reduced to the basic stability conditions using the membership function independent method for control design.
IV. NUMERICAL EXAMPLE
To show the effectiveness and efficiency of the proposed theoretical results, the following simulations are performed.
Consider a three-rule interval type-2 fuzzy model in o 1 the form of (1) with Al 28.82 -0.039
The membership functions for the plant (1) are chosen as The stability conditions in Theorem 1 are employed to provide the feedback gains. We consider the grades of membership are capped and focus on the region Xl E [-10, 10] . The sample points of llij and hij are set as Xl = {-10, -9,'" ,9, 10}. Pig. 1 shows the membership function information of hij with solid lines and hij and llij with dashdot lines. We choose 1':1 = C2 = C3 = C4 = C5 = 0.001.
The solution could be found by using third-party MATLAB toolbox SOSTOOLS [25] .
With the above settings, the controller gains are obtained Fig. 4 shows the contractively invariant ellipsoid Al and the trajectories of different initial states.
V. CONCLUSIONS
The stability of interval type-2 fuzzy-model-based control systems with actuator saturation is investigated in this paper. We have proposed a saturated interval type-2 fuzzy statefeedback controller to ensure the asymptotic stability of the closed-loop control system under imperfect premise matching. More design flexibility could be achieved, because it is not required that the fuzzy controller and fuzzy plant have the same premise membership function and/or number of fuzzy rules. The stability conditions based on the invariant ellipsoid come in SOS form and include the information of the membership functions to be more relaxed than membership function independent method. A numerical example is presented to show the effectiveness of the proposed approach.
